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Lecture 37

Data Converters
• Statistical Characterization



Statistical Analysis of Data 

Converters



Integral Nonlinearity (DAC)
Nonideal DAC
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• At design stage, INL characterized by standard deviation of the random variable

• Closed-form expressions for INL almost never exist because PDF of order 

statistics of correlated random variables is extremely complicated

• Simulation of INL very time consuming if n is very large (large sample size 

required to establish reasonable level of confidence)
− Model parameters become random variables

− Process parameters affect multiple model parameters causing model parameter correlation

− Simulation times can become very large

• INL can be readily measured in laboratory but often dominates test costs 

because of number of measurements needed when n is large

• Expected value of INLk at k=(N-1)/2 is largest for many architectures

• Major effort in DAC design is in obtaining acceptable INL yield !



Integral Nonlinearity (ADC)
Nonideal ADC

XIN

OUTX

XREF

C0

C1

C2

C3

C4

C5

C6

C7

XT1 XT2 XT3 XT4

XT5

XT6

XT7

XIN

XFT1 XFT2 XFT3 XFT4 XFT5 XFT6 XFT7

INL3

Break-point INL definition

 max k
2 k N-2

INL INL
 

=

1Tk FTk
k

 LSB

-
INL = k N-2 

X X

X

• Component dimensions and model parameters of all devices in a data converter are 

actually random variables at the design stage!

• At design stage, INL characterized by standard deviation of many random variables

• Closed-form expressions for INL almost never exist because PDF of order statistics of 

correlated random variables is extremely complicated

•   Simulation of INL very time consuming if n is very large (large sample size required   to 

establish reasonable level of confidence)
-Model parameters become random variables

-Process parameters affect multiple model parameters causing model parameter correlation

-Simulation times can become very large



Integral Nonlinearity (ADC)
Nonideal ADC
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• INL can be readily measured in laboratory but often dominates test costs because of 

number of measurements needed when n is large

• Expected value of INLk at k=(N-1)/2 is largest for many architectures

• INL of         often considered acceptable  (this is the ideal value of the continuous-input INL

     definition  though many high-speed ADCs and some lower-speed structures will have an INL that 

     exceeds this ) 

• Major effort in ADC design is in obtaining an INL acceptable yield !

• Yield often strongly dependent upon matching of random variables !
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• Static characteristics
– Resolution

– Least Significant Bit (LSB)

– Offset and Gain Errors

– Absolute Accuracy

– Relative Accuracy

– Integral Nonlinearity (INL)

– Differential Nonlinearity (DNL)

– Monotonicity (DAC)

– Missing Codes (ADC)

– Quantization Noise

– Low-f Spurious Free Dynamic Range (SFDR)

– Low-f Total Harmonic Distortion (THD)

– Effective Number of Bits (ENOB)

– Power Dissipation

Characteristics of Data Converters Dominantly 

Depend Upon Random Variables



Characteristics of Data Converters 

Dominantly Depend Upon Random Variables

• Dynamic characteristics
– Conversion Time or Conversion Rate (ADC)

– Settling time or Clock Rate (DAC)

– Sampling Time Uncertainty (aperture uncertainty or 
aperture jitter)

– Dynamic Range

– Spurious Free Dynamic Range (SFDR)

– Total Harmonic Distortion (THD)

– Signal to Noise Ratio (SNR)

– Signal to Noise and Distortion Ratio (SNDR)

– Sparkle Characteristics

– Effective Number of Bits (ENOB)



How important is statistical characterization of data 

converters?

Methods of Characterizing how Random 

Variables Affect Performance

• Analytical Statistical Formulation and Analysis

• MATLAB Simulations  (often using Monte-Carlo Analysis)

• Spectre/Spice Monte-Carlo Simulations

• Ignore Effects of Random Effects



How important is statistical analysis?
Example:   7-bit FLASH ADC with R-string DAC
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rAssume R-string is ideal, VREF=1V and VOS for

each comparator must be at most  +/- ½ LSB

Case 1

Determine the yield if VOS  has a Gaussian 

distribution (Normal) with zero mean and a 

standard deviation of 5mV

Why this assumption?

Note:   this is a much different performance 

requirement than requiring that INL< ½ LSB  and would 

not be part of a standard specification but we will see 

that it is analytical tractable and gives an appreciation 

for the importance of statistical analysis



How important is statistical analysis?

Example:   7-bit FLASH ADC with R-string DAC
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Assume R-string is ideal, VREF=1V and VOS for

each comparator must be at most  +/- ½ LSB

Case 1

Determine the yield if VOS  has a Gaussian distribution (Normal) with zero mean and a 

standard deviation of 5mV

The probability that a single comparator meets the VOS requirement is given by

½ LSB = 1V/(2(7+1))=3.9mV 
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How important is statistical analysis?
Example:   7-bit FLASH ADC with R-string DAC
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Case 1
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Define XN=VOS/σ

σVOS=5mV
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−
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XN=3.9mV/5mV=0.78
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( )COMP NP 2 F 0.78 -1 = •

x
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Since µ=0, this will make XN : N(0,1)

Assume VOS is zero-mean gaussian

fN and FN are pdf and cdr of N(0,1) RV



Table of CDF for N(0,1) Random Variables



How important is statistical analysis?

Example:   7-bit FLASH ADC with R-string DAC
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( )COMP NP 2 F 0.78 -1 = 2 .7823-1 = 0.565= • •

Each comparator has 56.5% yield
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How important is statistical analysis?

Example:   7-bit FLASH ADC with R-string DAC
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Case 1 σVOS=5mV

COMPP  = 0.565

Since all comparators must be good, the ADC yield is

( ) ( )
127 127

ADC COMPY = P = 0.565

-32
ADCY =3.2 10•

This yield is essentially 0 and a standard deviation of 5mV is even not trivial 

to obtain with MOS comparators !

The effects of statistical variation can have dramatic 

effects on yield of data converters !



How important is statistical analysis?

Example:   7-bit FLASH ADC with R-string DAC
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Case 1 σVOS=5mV

Since all comparators must be good, the ADC yield is

-32
ADCY =3.2 10•

Note:   The specification in this example that requires no comparator has an offset voltage 

of larger than 0.5LSB may not be a good performance specification as the FLASH ADC 

may actually perform reasonably well even if some comparators have an offset that is 

larger than 0.5LSB.    A more useful requirement might be that there be no bubbles in the 

thermometer code output.  Certainly if all comparators have an offset that is at most 

0.5LSB, there will be no bubbles in the output code attributable to comparator offset but a 

modestly weaker constraint can also guarantee there are no bubbles.  With the 0.5LSB 

assumption, a specification that was dependent upon 127 uncorrelated random variables 

was obtained which made the analysis quite easy.  A “no bubble” specification could be 

approximated by stating that the maximum of the 127 VOSk-VOSk-1must be less than VLSB.  

This becomes an order statistic of 127 Gaussian random variables which is analytically 

intractable.  

 



How important is statistical analysis?
Example:   7-bit FLASH ADC with R-string DAC

R

R

R

R

R

VREF

n

XOUT

VIN

T
h

e
rm

o
m

e
te

r 
to

 B
in

a
ry

 D
e

c
o

d
e

r

Case 2 Repeat the previous example if σVOS=1mV

( ) ( )
127 127

ADC COMPY = P = 0.999904

ADCY =0.988
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P f dx=  ( )COMP NP 2 F 3.9 -1 = 2 0.999952-1 = 0.999904= • •

This modest change in the offset voltage has increased the yield to 98.8%

Assume R-string is ideal, VREF=1V and VOS for

each comparator must be at most  +/- ½ LSB



How important is statistical analysis?
Example:  What will be the yield if two of the 7-bit FLASH ADCs

with yields of 98.8% are combined to obtain an 8-bit ADC?  
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ADCY =98.8%
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How important is statistical analysis?
Example:  What will be the yield if two of the 7-bit FLASH ADCs

with yields of 98.8% are combined to obtain an 8-bit ADC?  
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1.95

1.95

COMP VOSP f dV

mV

mV−
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Since one additional bit has been added, VLSB will decrease

From 7.8mV to 3.9mV.  Thus ½ LSB will be reduced to 1.95mV

With the same σVOS=1mV,  XN=1.95mV/1mV=1.95

1.95

COMP N

-1.95

P f dx=  ( )COMP NP 2 F 1.95 -1 = 2 0.97441-1 = 0.9488= • •

( ) ( )
255 255

ADC COMPY = P = 0.9488

-6
ADCY =1.52 10•

This seemingly simple extension of a circuit with a very high yield has essentially no 

yield !



How important is statistical analysis?
Example:  What will be the yield if two of the 7-bit FLASH ADCs

with yields of 98.8% are combined to obtain an 8-bit ADC?  
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• The onset of statistically-induced yield loss can be abrupt

• Intuition is not an acceptable substitute to statistical analysis

• Without statistical analysis/simulation there is a high probability that a 

data converter will be substantially over designed or under designed 

and neither is acceptable



Statistical Modeling of Random 

Variations

For the effects of local random variations of a parameter X, generally

0
X

C

A
σ  

A


where AC is the area of the matching critical components and A0 is a process parameter



Importance of statistical analysis – example
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A
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A
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What changes in area would be needed to decrease σVOS  from 

5mV to 1mV?  
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Equivalent Number of Bits (ENOB)

• Often the performance of an n-bit commercial 
data converter is not commensurate with that of 
an ideal n-bit data converter but more like that of 
an n-k bit data converter

• The equivalent number of bits (ENOB) is often 
used to characterize the actual level of 
performance 

• Different ENOB definitions depending upon 
which characterization parameter is of interest

     (e.g.  INL, SFDR, SNR, …) 



INL-based ENOB

Consider initially the continuous INL definition for an ADC where the INL of an 

ideal ADC is XLSB/2

Assume

Define the equivalent  LSB by
EQ

REF
 LSBE n

X
X =

2
Thus (substituting for XREF into INL expression):

1

2

EQ
EQ R

R

n
n n LSBE

LSBEn

X2
INL= X 2

2
 

+ − =
  

Since an ideal ADC has an INL of XLSB/2, Setting term in [ ] to 1, can solve for nEQ to obtain

 

( )EQ 2 R 2
1

ENOB = n  = log n -1-log
2θ


 

= 
 

R

REF
LSBR n

X
INL=  X

2
 =

where XLSBR is the LSB based upon the defined resolution , nR

where nR is the defined resolution

(Review from previous lecture)



INL-based ENOB
( )R 2ENOB = n -1-log 

ENOB

½ nR

1 nR-1

2 nR-2

4 nR-3

8 nR-4

16 nR-5

Consider an ADC with specified resolution of nR and INL of ν LSB



Though based upon the continuous-INL definition, often used to define ENOB from INL viewpoint

(Review from previous lecture)



$120 in 1000’s

( ) 16 1 1.85 13.15R 2ENOB n -1-log = = − − 

Is this close to 16-bit performance?



Can we depend on this “13-bit” INL performance?

( ) 16 1 3.58 11.42R 2ENOB n -1-log = = − − 

From INL viewpoint, performance of marketed parts could be  about  4.5 bits less than 

physical resolution but does have other attractive properties



• Can be defined different ways

• Only given as typical

• Only specified at 25C



Statistical Characterization of Resistors

N

R R
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A A

WL A
 = =

AR is a process parameter

Note the normalized variance is independent of the resistor value !
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R2

R1

VIN VOUT

Example:   Determine the yield of the basic inverting amplifier if the gain must be 

accurate to 1% of its nominal value of AFB=-1.   Assume ideal op amp and  resistors, 

as shown, have a Gaussian distribution  with AR=0.02µm and R□ = 1KΩ

Statistical Characterization of Amplifier Circuit

10µm

2µm

2

1

FB

R
A

R
= − Ideally R1=R2=(L/W)xR□ Ω/□  so   AFB=-1 

2 2
_

1 1

N R
FB ACT

N R

R R
A

R R

+
=

+ where the subscripts denote the nominal and random parts of R

Note the actual gain is a random variable with a rather complicated distribution



R2

R1

VIN VOUT

Example:   Determine the yield of the basic inverting amplifier if the gain must be 

accurate to 1% of its nominal value of AFB=-1.   Assume ideal op amp and  resistors, 

as shown, have a Gaussian distribution  with AR=0.02µm and R□ = 1KΩ

Statistical Characterization of Amplifier Circuit
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Linearize the gain:
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Recall:  From Taylor’s expansion truncated after first-order terms, for x small

1
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1
x

x
−
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R2
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VIN VOUT

Example:   Determine the yield of the basic inverting amplifier if the gain must be 

accurate to 1% of its nominal value of AFB=-1.   Assume ideal op amp and  resistors, 

as shown, have a Gaussian distribution  with AR=0.02µm and R□ = 1KΩ

Statistical Characterization of Amplifier Circuit
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R2
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VIN VOUT

Example:   Determine the yield of the basic inverting amplifier if the gain must be 

accurate to 1% of its nominal value of AFB=-1.   Assume ideal op amp and  resistors, 

as shown, have a Gaussian distribution  with AR=0.02µm and R□ = 1KΩ

Statistical Characterization of Amplifier Circuit
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_

2 1

| | 1 R R
FB ACT

N N

R R
A

R R
= + −

Gain is now a sum of two uncorrelated Gaussian Random variables so is gaussian and

2 1

2 1

2 2 2
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A R R
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1 2 1 2

1 1
FB

R R
A R

A A
A

A A A A

 
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 
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Where A1 and A2 are the areas of R1 and R2

Since A1=A2=20µ2  it follows that 
2 2

0.089
20FBA RA

 
 = = 

 



R2

R1

VIN VOUT

Example:   Determine the yield of the basic inverting amplifier if the gain must be 

accurate to 1% of its nominal value of AFB=-1.   Assume ideal op amp and  resistors, 

as shown, have a Gaussian distribution  with AR=0.02µm and R□ = 1KΩ

Statistical Characterization of Amplifier Circuit
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1.01

0.99
FBR
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A FB

A

Y f dA
=

=  where fAFBR is the pdf of the amplifier gain which is N(1,σAFB)

Define 

FBR

RBR NOM

A

A A
z

−
=



0.106

(0,1)

0.106

N

z

Y f dz
=−

= 

( )(0,1)2 0.106 1NY F= − ( )(0,1) 0.106 .5636NF = Y=12.7%

ANOM=1



• Ratio matching is often critical in ADCs and DACs

• Accuracy and matching of gains is also critical in some data 

converters

Ratio Matching Effects in Data Converters



String DAC Statistical Performance

Assume resistors are uncorrelated RVs but identically distributed, typically zero mean Gaussian
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VOk
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VO3

VO,N-1

R2

R1

Rk

RN

RN-1

Recall  INLk= VOUT(k) – VFIT (k)

0 ≤ k ≤  N-1

• INL is of considerable interest

• INL=Max(|INLk|),    0<k<N-1

• INL is difficult to characterize analytically so will focus on INLk



String DAC Statistical Performance

It can be shown that INLk is zero-mean  gaussian and  

Note this  is a nice closed-form expression for the standard deviation of 

INLk for a string DAC !!

( )( )
k R

N

INL R

R

N k k 1

N 1

− −
 = 

−

Observe this assumes a maximum value at about k=N/2 

k R R

N N

INL MAX R R

R R

N N
N 1

N2 2

N 1 2

  
− −  

    
−



String DAC Statistical Performance

standard deviation of INLk assumes a maximum variance at mid-code

It ca

max
2

 =
R

NOM

INLk R

R

N

2 3 N-2

k

INLk

N
k

2

Recall  INLk is Gaussian and 



String DAC Statistical Performance
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Example 1:

Assume specification for  7-bit String 

DAC                               and  Pelgrom 

matching parameter  Aρ = 0.1 µm

Desired Yield       Y = 99% 

kMAXINL 1 LSB

Determine the resistor area A to achieve this yield
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Example 1:

Determine the resistor area A to achieve this yield

Define   z = INLkMAX

z :   N (0  σz)

N

z R

R

N

2
  •

Assume  fz is  the PDF of z

Solution strategy:  Obtain σz , then solve above equation for

             

and then solve             for A :
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
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Example 1:

Determine the resistor area A to achieve this yield

z

-1 LSB 1 LSB

fZ

N(0,σz)

Want to determine A so that

( )
1LSB

z

1LSB

0.99 f z dz
−

= 

Define: N1

Z

1LSB
z =


N

Z

z
z =



( )
N1

N1

z

N

Z

0.99 f z dz
−

= 

Notation:   pdf of zN is fN(zN)

By change of  variables, want

( )Nz N 0,1



VREF

VOk

VO1

VO2

VO3

VO,N-1

R2

R1

Rk

RN

RN-1

Example 1:

Determine the resistor area A to achieve this yield

x

zN1

N(0,1)

fN

- zN1

( )
N1

N1

z

N

Z

0.99 f z dz
−

= 

( )

( )

N N1

N N1

0.99 2F z 1

F z 0.995

= −

=



ZN1=2.575( )N N1F z 0.995=
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VOk

VO1

VO2

VO3

VO,N-1

R2

R1

Rk

RN

RN-1

Example 1:

Determine the resistor area A to achieve this yield

ZN1=2.575

N1

Z

1LSB
z =


 z 0.388 =

N

z R

R

AN N

2 2A


 =  • = •

but

A N
0.388

2A


= • N = 127  and  Aρ = 0.1 µm

Solving, obtain

A = 2.13 µm2

N

R

R

0.0685 =



Example 2: Consider an 8-bit DAC obtained by 

combining 2 of the 7-bit DACs

Determine the yield if the specification is still  kMAXINL 1LSB

VREF

R2

R1

Rk

R128

R127

R2

R1

Rk

R128

R127

7
-B

it
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tr
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g
 D

A
C

7
-B

it
 S

tr
in

g
 D

A
C

8
-B

it
 S

tr
in

g
 D

A
C

N

z R

R

N

2
 =  •

Define   z = INLkMAX

z

256
0.0685 0.5488

2
 = • =

Since same resistors are used, 

N

R

R

0.0685 =

( )
1LSB

z

1LSB

Y f z dz
−

= 



Example 2: Consider an 8-bit DAC obtained by 

combining 2 of the 7-bit DACs

Determine the yield if the specification is still  kMAXINL 1LSB
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R2

R1

Rk

R128

R127

R2

R1

Rk

R128

R127

7
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tr
in

g
 D

A
C

7
-B

it
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tr
in

g
 D

A
C

8
-B
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g
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A
C

( )
1LSB

z

1LSB

Y f z dz
−

= 

Define 
N

Z

z
z =



N

1LSB
z 1.822

0.5488
= =

x

1.822

N(0,1)

fN

- 1.822

( )NY 2F 1.822 1= −



F(0.822) =  0.9656



Example 2:

( )NY 2F 1.822 1

Y 2 0.965 1 0.93

= −

= • − =
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Consider an 8-bit DAC obtained by 

combining 2 of the 7-bit DACs

Yield has dropped from 99% to 93%



Example 3:

VREF

R2

R1

Rk
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R127
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8
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A
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What area is needed for obtaining a 99% 

yield for an 8-bit string DAC and how does 

that compare to the area required for a 7-bit 

DAC with the same yield?

For 99% yield

N

z R

R

AN N
0.388

2 2A

A N
0.388

2A





 =  • = • =

• =

2

A 0.1 m N 256

A 4.25 m


=

= 

 =

Area doubled because there are twice as many resistors and 

each is approximately twice as big so by adding 1-bit of 

resolution, the area went up by approximately a factor of 4



String DAC Statistical Performance

How about statistics for the INL?

• INL is not zero-mean and not Gaussian

INL = k
1 k N
max INL
 

1

k

1 1

1
INL 1 1 1

1 1

−

= = +

  
= − −   −  

− −  
 
k N

Rj Rj

j j kNOM

k k
R R k N

R N N

• INL is an order statistic

• Distribution functions for order statistics are very complicated and 

closed form solutions do not exist !

• Statistical simulations using Monte-Carlo analysis often used to 

predict INL yield but these simulations can be extremely time 

consuming if the order of the data converter is very large  



How important is statistical analysis?
• Statistical analysis of data converters is critical

• Some architectures are more sensitive than others to statistical 

variations in components

• The onset of yield loss due to statistical limitations is generally quite 

abrupt and can have disastrous effects if not considered as part of the 

design process

• Substantially over-designing to avoid concerns about statistical yield loss 

is not a practical solution since the area penalty, the speed penalty, and 

the power penalty are generally quite severe

For the effects of local random variations of a parameter X, generally

0
X

C

A
σ  

A


where AC is the area of the matching critical components and A0 is a process parameter

Recall examples where  σVOS=5mV compared with σVOS=1mV 



Stay Safe and Stay Healthy !



End of Lecture 39
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